, Conjecture 6.6, Migliore, the first author, and Nagel conjectured that, for all n ≥ 4, the artinian ideal
Introduction
Ideals generated by powers of linear forms have attracted great deal of attention recently. For instance, their Hilbert function has been the focus of the papers [2, 8, 16] ; and the presence or failure of the weak Lefschetz property has been deeply studied in [8, 11, 12, 13, 14] , among others.
Let k be a field of characteristic zero and R = k[x 0 , . . . , x n ] be the standard graded polynomial ring over k in n + 1 variables. A graded artinian k-algebra A := R/I is said to have the weak Lefschetz property (WLP for short) if there is a linear form ℓ ∈ [A] 1 such that the multiplication
has maximal rank for all i, i.e., ×ℓ is either injective or surjective, for all i. On the contrary, we say that A fails to have the WLP if there is an integer i such that the above multiplication does not have maximal rank for any linear form ℓ. There has been a long series of papers determining classes of algebras holding/failing the WLP but much more work remains to be done.
The first result in this direction is due to Stanley [15] and Watanabe [17] and it asserts that the WLP holds for any artinian complete intersection ideal I generated by powers of linear forms. In fact, they showed that there is a linear form ℓ ∈ [A] 1 such that the multiplication
Date: January 20, 2020. 1 has maximal rank for all i, s. When this property holds, the algebra is said to have the strong Lefschetz property (briefly SLP). In [14] , Schenck and Seceleanu gave the nice result that any artinian ideal I ⊂ R = k[x, y, z] generated by powers of linear forms has the WLP. Moreover, when these linear forms are general, the SLP of R/I has also been studied, in particular, the multiplication by the square ℓ 2 of a general linear form ℓ induces a homomorphism of maximal rank in any graded component of R/I, see [1, 10] . However, Migliore, the first author, and Nagel showed by examples that in 4 variables, an ideal generated by the d-th powers of five general linear forms fails to have the WLP for d = 3, . . . , 12 [11] . Therefore, it is natural to ask when the WLP holds for artinian ideals I ⊂ k[x 0 , . . . , x n ] generated by powers of ≥ n + 2 general linear forms. In [11] , Migliore, the first author, and Nagel studied this question where the ideal is an almost complete intersection and they also proposed the following conjecture in order to complete this investigation. The first author has shown that R/I fails to have the WLP when d = 2 [12] and in the recent paper [13] , Nagel and Trok have established Conjecture 1.1 for n ≫ 0 and d ≫ 0. The last part of the conjecture was proved by Di Gennaro, Ilardi, and Vallès in [3, Proposition 5.5] . Unfortunately, there was a gap in their proof. However, it was corrected in [4] and then in [9] , the last part of Conjecture 1.1 was proved by Ilardi and Vallès. The goal of this note is to solve partially the conjecture. More precisely, we prove the following (see Corollaries 3.3-3.10, Theorem 4.1 and Remark 4.2).
Theorem. Let R = k[x 0 , . . . , x 2n ] be the polynomial ring over a field of characteristic zero and consider an artinian ideal I = (L d 0 , . . . , L d 2n+1 ) ⊂ R generated by the d-th powers of general linear forms.
(1) If d = 2r, 2 ≤ r ≤ 8 and 4 ≤ n ≤ 2r(r + 2) − 1, then R/I fails to have the WLP. (2) If 4 ≤ n ≤ 8 and d ≥ 4, then R/I fails to have the WLP.
Therefore, Theorem answers partially Conjecture 1.1 for 4 ≤ n ≤ 8, missing only the case d = 3, since the case d = 2 is shown by the first author [12] . Our approach is based on the connection between computing the dimension of R/(I, ℓ), where ℓ is a general linear form and the dimension of linear system of fat points. More precisely, we prove the following result (see Theorem 3.1).
2
Theorem. If ℓ is a general linear form and j = ⌊ (2n 2 −1)(d−1)
where e, r are non-negative integers such that 1 ≤ r ≤ n − 1.
Preparatory results
Throughout this paper R denotes a polynomial ring k[x 0 , . . . , x n ] over a field k of characteristic zero, with its standard grading where deg(
For any artinian ideal I ⊂ R and a general linear form ℓ ∈ R, the exact sequence
gives, in particular, that the multiplication by ℓ will fail to have maximal rank exactly when
In this case, we will say that R/I fails to have the WLP in degree j − 1.
We first recall a result of Emsalem and Iarrobino giving a duality between powers of linear forms and ideals of fat points in P n . We quote it in the form that we need. Lemma 2.1. [6, Theorem I] Let p 1 , . . . , p s be the ideals of s distinct points in P n that are dual to the linear forms ℓ 1 , . . . , ℓ s ∈ R and choose the positive integers a 1 , . . . , a s . Then, for each integer j ≥ −1 + max{a 1 , . . . , a s },
If the points defined by the ideals p i are general points, then the dimension of the linear system [p b 1 1 ∩ · · · ∩ p bs s ] j ⊂ R j depends only on the numbers n, j, b 1 , . . . , b s . In order to simplify notation, in this case we denote by
We use superscripts to indicate repeated entries. For example, L 4 (j; 2 4 , 4 2 ) = L 4 (j; 2, 2, 2, 2, 4, 4). Notice that, for every linear system L n (j; b 1 , . . . , b s ), one has
To study the WLP, the following is useful to compute the left-hand side of (2.1). 
In this note, we are interested in certain almost complete intersections. Then one can compute the right-hand side of (2.1). For any integer m, we denote
[m] + = max{m, 0}. n+1 ) ⊂ R be an almost complete intersection generated by powers of n + 2 general linear forms. Set A = R/(L a 0 0 , . . . L an n ). Then, for each integer j,
Almost uniform powers of general linear forms
Throughout this section, we always denote R = k[x 0 , . . . , x 2n ] and consider an artinian ideal I = (L d 0 , . . . , L d 2n+1 ) of R generated by the d-th powers of general linear forms and fix j = ⌊ (2n 2 −1)(d−1)
where e, r are non-negative integers such that 1 ≤ r ≤ n − 1 and
Proof. It follows from Lemma 2.2 that
Using Lemma 2.3 (n + 1) times, in each step the Cremona transformation changes the multiplicities of linear system L 2n−1 j;
These computations are correct and has a chance of resulting in a non-empty linear system if
Now we consider three cases: Case 1: d = (2n−1)e+ 1, hence j = (2n 2 −1)e. By (3.1) and a simply computation shows that D = dim k L 2n−1 e; 0 2n+2 .
Therefore, by (3.1), we obtain
It is easy to show that j = (2n 2 − 1)e + 2nr + r − 1.
, hence A is a complete intersection and it has the SLP (see, e.g., [15] or [17] ), one has
Resolving A over R using the Koszul resolution, we get for the Hilbert function of A
A straightforward computation gives
where ℓ is a general linear form in R.
Proof. As d = (2n − 1)e + 2r, 1 ≤ r ≤ n, by Theorem 3.1 we get that
where e is a non-negative integer. It is enough to show that
It follows that
We have Proof. In this case, we have j = 3n + 1. By Proposition 3.2, for any 2 ≤ n ≤ 15,
On other hand, by Theorem 3.1, we have
Using Macaulay2 [7] , we see that for any 2 ≤ n ≤ 15,
It follows that R/I fails to have the WLP since the surjectivity does not hold.
Examples suggest that the sequence (S n ) n≥2 of integers is strictly decreasing with S 2 = 0, and so all these are non-positive. 
Using Macaulay2 [7] , we see that for any 3 ≤ n ≤ 29,
which shows that R/I fails to have the WLP since the surjectivity does not hold. Proof. Let ℓ be a general linear form. In this case, we have j = 7n + 3. By Proposition 3.2, for any 4 ≤ n ≤ 47,
Using Macaulay2 [7] , we see that for any 4 ≤ n ≤ 47,
which shows that R/I fails to have the WLP since the surjectivity does not hold. Using Macaulay2 [7] , we see that for any 5 ≤ n ≤ 69,
which shows that R/I fails to have the WLP since the surjectivity does not hold. 
Using Macaulay2 [7] , we see that for any 7 ≤ n ≤ 125,
which shows that R/I fails to have the WLP since the surjectivity does not hold. Using Macaulay2 [7] , we see that for any 7 ≤ n ≤ 159,
which shows that R/I fails to have the WLP since the surjectivity does not hold. Set P = k[x 0 , . . . , x 7 ]/(x 2 0 , . . . , x 2 7 ). We have dim k L 7 4; 3 10 ≥ h P (4) − 2h P (2) + h P (0) = 15 > 0.
This completes the argument.
We close this section by giving the following result. It is similar to a result of Nagel and Trok in [13, Proposition 6.3].
Proposition 3.12. Given integers n ≥ 2 and 0 ≤ q ≤ 2(n − 1), define a polynomial function P n,q : R −→ R by
Then one has: (a) If for some q with 1 ≤ q ≤ 2(n − 1), P n,q (t) ≤ 0 for every t ≥ 0, then Conjecture 1.1 is true for every d ≥ 4n 2 − 2n + 2 such that d − 1 − q is divisible by 2n − 1. Now write d − 1 = (2n − 1)t + q with integers t and q where 0 ≤ q ≤ 2(n − 1). Then a straightforward computation gives j = (2n 2 − 1)t + nq + (n − 1)q 2n − 1 .
By Theorem 3.1,
Now, if for some integer t ≥ 0 we have P n,q (t) ≤ 0, then
This proves assertions (a) and (b). Note that P n,q (t) is a polynomial in t of degree 2n − 1 and
is the coefficient of t 2n−1 in P n,q (t). Since c n < 0 by assumption, it follows that P n,q (t) < 0 for all t ≫ 0 independent of q, and thus the claim (c) is proved.
Based on computations, we conjecture that
In facts that computations suggest that the sequence (c n ) n≥2 of integers is strictly decreasing with c 2 = −26, and so all these are negatives. Thank to Macaulay2 [7] , we can check it c n < 0 for any 2 ≤ n ≤ 400. This conjecture implies that Conjecture 1.1 is true for d ≫ 0.
Almost uniform powers of general linear forms in a few variables
Our main result of this section is the following. First, we prove the following assertion. 
where e, r are non-negative integers and 1 ≤ r ≤ n − 1. Note that the dimension of linear systems satisfies
We now consider the following cases: Case 1: n=4. Using (4.1), computations show that these linear systems are not empty for every
In other words, D = 0 for any d ≥ 4. Case 2: n=5. Using (4.1), computations show that these linear system are not empty, provided where the last equality deduces from the fact that P n,s is a complete intersection and has the SLP (see [15] or [17] ). Now we need to show D = 0 for d = 5. Indeed, in this case, one has D = dim k L 9 (9; 7 12 ) = dim k [R 5,3 ] 9 ≥ h P 5,3 (9) − 2h P 5,3 (6) + h It is easy to see
for each i ∈ {9, 10, 11}. Thus, D > 0 for every d ≥ 4. Case 4: n=7. Using (4.1), computations show that these linear system are not empty for d ≥ 4 and d = 5, 6, 7, 9, 11, 16. We need to show D = 0 for d = 5, 6, 7, 9, 11, 16. By Proposition 3.2 we get that D = 0 for d = 6. With the notations as in the case 2, one has we get D > 0 for d = 5, 7, 9, 11. Similarly, one can easy show that D > 0 for d = 16. Thus, D > 0 for every d ≥ 4. Case 5: n=8. By Proposition 3.2, we have D = 0 for d = 15e + 2r, e and r are non-negative integers such that 2 ≤ r ≤ 8. Using (4.1), we can also show that D = 0 for d ≥ 4 and d = 5, 7, 9, 11, 13, 18, 20 . We now need to prove D = 0 for d = 5, 7, 9, 11, 13, 18, 20 . With the notations as in the case 2, one has 
We consider the following cases: Case 1: n=4. We consider seven cases for d − 1 = 7e + m, 0 ≤ m ≤ 6. Thank to Macaulay2 [7] , we can show that E < 0 for any d ≥ 4. Analogously we can check the another cases. It follows that E < 0 for all d ≥ 2 and n = 8. Thus Claim 2 is completely proved. Finally, Theorem 4.1 follows from the above two claims.
Remark 4.2.
(1) The first author has shown that an artinian ideal I = (L 2 0 , . . . , L 2 2n+1 ) ⊂ R generated by the quadratic powers of general linear forms fails to have the WLP [12] . Therefore, Theorem 4.1 answers partially Conjecture 1.1 for 4 ≤ n ≤ 8, missing only the case d = 3.
(2) Theorem 4.1 together with Corollaries 3.3-3.10 says that R/I fails to have the WLP for all d = 2r, 2 ≤ r ≤ 8 and 4 ≤ n ≤ 2r(r + 2) − 1.
